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Abstract. In the previous papers [2] [3] the author constructed Mabuchi and 
Aubin-Yau functionals over any complex surfaces and three-folds, respectively. 
Using the method in [3], we construct those functionals over any complex 
manifolds of the complex dimension bigger than or equal to 2. 
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1. Introduction 

Mabuchi and Aubin-Yau functionals play a crucial role in studying Kahler- 
Einstein metrics and constant scalar curvatures (see [5]). How to generalize these 
functionals from Kahler geometry to complex geometry is an interesting problem: 

Question 1.1. Can we define Mabuchi and Aubin-Yau functionals over compact 
complex manifolds so that these functionals coincide with the original definitions 
and satisfy the same basic properties? 

In [2j l3j , the author answered this question in the complex dimension two and 
three, respectively, and proved similar results in the Kahler setting. By carefully 
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checking and using a similar method in [3], we can construct those functionals in 
higher dimension cases. So, now, we give an affirmative answer to Question ll.il 

1.1. Mabuchi and Aubin-Yau functionals on Kahler manifolds. In this sub- 
section we review Mabuchi and Aubin-Yau functionals on Kahler manifolds, and 
describe some basic properties of these functionals which also hold in any complex 
manifolds. Let {X, w) be a compact Kahler manifold of the complex dimension n. 
Then the volume 

(1.1) := / ^" 



JX 

depends only on the Kahler class of uj. Let 7:'Kahior ^^gj^Q^g |;j^g space of Kahler 
potentials and define the Mabuchi functional, for any smooth functions (f',^" G 

pKahlcr^ by 

(1-2) /' / ^.<dt 

V'w Jo Jx 



where ipt is any smooth path in T^^ahior fj.Qj-^ ^' Mabuchi [4' showed that 

is well-defined. 

Using (|1.2p we can define Aubin-Yau functionals, for any smooth function ip G 
^Kahler ^ as foUows: 

(1.3) lAY,Kahle.(^) = ^ [ ^(^""^P, 

^uj Jx 

(1.4) :7^^Y™^(<^) = -£:^™--(0,^) + -l / ^c.". 

Jx 

So Aubin-Yau functionals are also well-defined. The basic and often useful inequal- 
ities, for any smooth function ip G p^'^^'"''', are 

(1.5) ^ir-^^h'"(^)-^^^Y'™r(^) > 0^ 
n + 1 

(1.6) (n+l)J-„AY.Kahler(^)_2:^Y.Kahlcr(^) > q 

An important consequence is that we will use the inequalities (jl.5l) and (jl.6p to 
determine the extra terms on the definitions of (ip) and {'p), which are 
Aubin-Yau functionals over complex manifolds. 

However, if w is not closed, then the above definitions (|1.2p . (11.31) . and (|1.4p do 
not make any sense. Hence we should add some extra terms on the definitions of 
those functionals; these extra terms should involve du) and 9w, but, the essential 
question is to find the structure of the extra terms. Roughly speaking, (p) and 
Sfi^^if) can be written as 

((p) = '^^^^'^'^ ((p) + terms involving duj, dip + terms invloving duj, dip, 

J^^ {ip) — J'J^^'^^'^'"' (yj) + terms involving 9w, dp -I- terms involving du, dip. 

In the following sections, we will explicitly determine the extra terms. 

Throughout the rest part of this paper, we denote by (Y, g) a compact complex 
manifold of the complex dimension n > 2, and <jJ be the associated real (1, l)-form. 
Let 

(1.7) V^■.= [^peC°°{X)^i^^■.= iJJ + ^/^ddip>0^ 
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be the space of all real- valued smooth functions on X whose associated real (1, 1)- 
forms are positive. 



1.2. Mabuchi and Aubin-Yau functionals on complex surfaces. In this sub- 
section we recall the main result in [2j . Let {X, g) be a compact complex mani- 
fold of the complex dimension 2 and ui be its associated real (1, l)-form. For any 

(f', If" &Vuj, we define 



1 



(1.8) C^i'p',^") ■■= TT ^f^l.dt 



1 



JQ J X 

I / \/~^dLjj A {dipt ■ ipt)dt 

^LO Jo J X 

-f 

Jo Jx 



+ -^11 V-ldujA{dpt ■ (pt)dt, 



where {(pt}o<t<i is any smooth path in Vuj from ip>' to p" . Then in [2] we showed 
that the functional (|1.8p is independent of the choice of the smooth path {</Jt}o<t<i- 
If we set 

£^(^) :-/:!f(0,^), 
then we have an explicit formula [2j of £^(9?): 



(1.9) L^{p>) = —J^^{u;^+u;Au;^+u;'^) 

+ — ^ / ip> {-^/^duj Adp + A dip) 

2K) Jx 

Now Aubin-Yau functionals are defined by 

(1.10) It^{p) := ^ I ip{LO^-iol) 



LO Jx 

1 /■ , „ ^ 1 



• ^/^duJ A dip + — ip ■ ^—Iduj A dip, 
Vui Jx Jx 

(1.11) J^-^{^) -Ct\^) + ^ I 

Vuj Jx 



1 



ip ■ yj^lduj A dip + — ip ■ \/—lduj A dip 



Moreover they also satisfy the inequalities ()1.5p and (|1.6p : that is 

2 



(1-12) girM-^rc^) > 0, 

ij^^-lt^{p) > 0. 



1.3. Mabuchi and Aubin-Yau functionals on complex three- folds. The 

functionals over complex three-folds are very different with these over complex 
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surfaces. For any Lp" e T'w, we define 



(1.13) 



uj Jo JX 

1 



-Idijj A Wipj A {dipt ■ ipt)dt 



w Jo J X 

1 



JO J X 

1 

K 
1 

Jo Jx 



uj Jo J X 
1 



dipt A 9(/3t A duj A dipt 
dipt A dpt Adu A dipt, 



where {ipt}o<t<i is any smooth path in from ip' to p" . In '31, we proved that 
([rni) is well-defined. 

For any p £ Vu, we also set C^{ip) ■= ^^{0, v)- If we chose pt — t ■ p, then we 
have an explicit formula [31 of £^{p): 



1 ^ 
— F 



(^w' A W 



3-i 



(1.14) 



E 

1=0 

1 

E 

i=0 



i + l 
i + l 



i^w* A w A V^Sw A i9(p 



2K 



ipijjl, Auj^ 'A \/-l9w A dip. 



ul Jx 



Now we define Aubin-Yau functionals , for any compact complex three- 
fold (X,cj): 



(1.15) 



VuJX 

ipijJip A \/ —IdLo A dip 



ipuj^p A \J—\dijj Adip + 



3 

2K. JX 
3 

2K, jjf 



(1.16) 



3 

2K; JX 

3 

2K; JX 

J^^{ip) := -CM + :^ / V'^^ 
3 

2K; JX 



ipu) A y/^-idi^ A dip 



ipijj A V— 19a; A dip, 



Vuj Jx 



ipuj^ A \/~^duj A dip - 



2K 



ip A \/ —Xduji A dp) 



oj JX 



+ I ipujip A \/ —Ydixi Adip ^ I ipuj A V— 19a; A dip. 

2l4; J X 2\4; Jx 

Similarly, we have 

(1-17) \Tt^{v)-J^^{v) > 0, 
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1.4. Mabuchi and Aubin-Yau functionals on complex manifolds. In this 
subsection we assume that the complex dimension n of the compact complex man- 
ifold {X,uj) is bigger than or equal to 3. For ip' , ip" G Vu:, define 



V^Jo 
1 /■ W n{n - 



Jo Jx 



V^Jo 

n-2 



X 



du A Lo'^f A {dipt ■ Vt)dt 



^ Vlj Jo Jx 



n 
i + 2 



dp>t AduA d^t A dp>t A cj";'-^ A {V^ddptY-^ 



where {pt}o<t<i is any smooth path in from Lp' to p" . In Section 2, we prove 

Theorem 1.2. For any n > 3, the functional il.l8\) is independent of the choice 
of the smooth path {pt}o<t<i in 'Pu from p' to p" . 

As a consequence of Theorem II. 2 [ by taking pt — t ■ ip, we have, for any p e V^j, 



pujl A 



(1.19) 



ri-2 

E 

i=0 
n-2 

E 



i + l 
i + l 



n — 2 — i 



pu' A uj"^-^-' A V-I5w A dp} 



2K 



(^w* A A A dp. 



As before, we define Aubin-Yau functionals for any complex manifolds by 

n-2 



(1.20) 



1 



(p(a;"-0 



E/ k 

._n JX 



Aa;""2-* A V-l5wA9<y9 



71 

2K 



(1.21) + 



V / pujlALo'^-^-' aV^uj Adp> 
TtY. V^dpAdpAujlA^--^-\ 

V'w Jx ^''W j^g JX 

n-2 „ 

■V / (^w; A A A 

._n JX 



2K, 
1 



n-l 

E 



K.^7x" + i 



A A cj' A 
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In Section 3, we shall show the following 
Theorem 1.3. For any (p G V^j, one has 

(1-22) ^:^^^iv)-J^^i^) > 0, 

(1-23) (n + l)J-„^Y(^)-I^Y(^) > 0. 

In particular, {(p) , J^^^ {p) are nonnegative, and 

(1-24) ^l^^'"^^^ ^ ^^^^^^ ^ ^1^^^^^^^ 

(1-25) ^J-.^^M < I^^M < {n + l)J^^{p>), 

n 

(1.26) -J^^{v) < -^J^^-'ip) < Tt^{^)-J^^{^) 
n n + 1 

< ^^t^i^) < -J^^i^)- 

1.5. Further questions. Up to now we consider functionals over compact complex 
manifolds without boundary, and we hope that the similar constructions can be 
achieved for compact complex manifolds with boundary. 

Question 1.4. Can we define Mabuchi and Aubin-Yau functionals over compact 
complex manifolds with boundary so that these functionals coincide with the original 
definitions and satisfy the same basic properties? 

There are other functionals, for example, Mabuchi JC^ [31 functional, Chen-Tian 
functionals [I], etc. We can ask the following 

Question 1.5. Can we define the analogy Mabuchi K,^ and Chen-Tian functionals 
over complex manifolds with(out) boundary? 

In the future, we will study those two questions. 

Acknowledgements. The author would like to thank Valentino Tosatti who 
read this note and pointed out a serious mistake in the first version. 

2. Mabuchi £^ functional on complex manifolds 

In this section we assume that [X^uj) is a compact complex manifold of the 
complex dimension n > 3. For any two complex forms a and /3, we frequently use 
the following formulas: if jal + |/3| = 2n — 1, then 



(2.1) / aAa/3 = (-l)!*^! / da A 13 = -(-1) 

Jx Jx 



da A /3, 

X 



(2.2) a A 8/3 = (-l)!'^! / da A f3 = -(-l)l"l / daAf3. 
Jx Jx Jx 

Another useful formula is 

(2.3) aAa = 0, if |a| is odd. 
By the definition of operators d and d, one has 

(2.4) dd + dd^O. 

Hence the complex conjugate of the operator ^/~ldd is itself. 
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2.1. The main idea. Similarly in [3], we consider ip{s, t) — s ■ (fit and we can show 
that (see ([2^ ) 

2/0 



(2.5) 
(2.6) 



j3 j4 



ji j2 

ai 02 
3 



+ ci, 



= Ci + C2, 



03 04 — (n — 2) 

where /* are functionals which can be determinecQ, Cj are also functionals but may 
not be determined, and are nonzero constants which can be determined later. 
We can use equation (j2.6|) to eliminate the undetermined term ci, but there arises 
another undetermined term 02- Our strategy is to find a determined expression 
for C2. To achieve this we construct two sequences {/^'^^}2<i<n-2, which can be 
determined, and {ci}2<i<n-2i which may not be determined, satisfying 



(2.7) 



j2'i+l j2j+2 



i + 2 



a2j+i a2i+2 n~ (i + l) 



Ci + c, 



i+li 



2 < i < n - 2, 



where /2'+2 J^'+i^ 02^+2 := aii+T and a2i+i can be determined later. By our 
construction we have c„_i =0 which gives us the determined and explicit formula 
for C2 in terms of J^'+i and a2i+i. More precisely, setting 

r2i+l T2i+2 

(2.8) 



yields 
(2.9) 



Ci+l 



n-{i + l) 



0'2i+l a2i+2 



Ci + Ji, 2 < z < n — 2. 



By induction on i we obtain 
Since c„_i = it follows that 



k=2 



(z + l)!(n-z-l)! 
(fc + 2)!(n-A:-2)! 



Jk 



C2 



( ^^„-3 3!(n~3)! 



O-^(-l)" 



-2-k 



k=2 



(2.11) 



3!(n-3)! 



fe=2 



(fc + 2)!(n-/j-2)! 



(fc + 2)!(n-fc-2)! 
Jfe, n > 4. 



When X is a three-fold, we knew that C2 = but this can be seen from (|2.1ip 
if we take n — 3. Hence the formula (12. lip holds for any n > 3. 

2.2. The definitions of ci and C2. Firstly, we consider the "Kahler part" of 
Mabuchi functional. Let 



(2.12) 



>C°(^',^") / V ^K,dt. 

'^i^ Jo Jx 



functional I is said to be determined if = X ■ dt Ads for some 1-form ^ on [0, 1] X [0, 1]. 
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As in [21 E], we set ili[s,t) :— s ■ ipt, < t, s < 1, and consider the corresponding 
l-form on [0, 1] x [0, 1], 



(2.13) 



X 



ds 



(9V 



X 



dt 



Taking the differential on both sides imphes 
(2.14) d*" = /" • A ds 

where 



(2.15) 



d / dip 



X dt \ds 



-UJ. 



d f di/j 



X ds \dt 



The exphcit expression of can be determined as fohows 

-Idd 



X 



dt 
dip_ 
dt 



X 



df\ 
ds J 

av 

ds 



.g.rAv-ia5(t)./^,.^.r'Av-i5.(|f 

Here we have two shghtly different expressions of and in the foUowing we wiU 
use those expressions to find ci — Ai + Bi — {Ai + Bi), where Ai,Bi, A\ and B\ 
are determined later. This technique will be frequently used in many places. Hence 



-nV — la -T—uj 1 A ^ I 



X 



X 



X 



X 



ds"^^ 

dtp_ 
ds 
dtp_ 
'dt 



A LU' 



X 

n-2 



^ +(n-l)^^;-^Aau; 



ds 



A uj[ 



r' + in-l)^u;-^Adco 



Ad 



dtp 
'dl 



- i)%/^|^c^;-' A a.. A a ( ^ ) 



-n{n - l)V^^uj"r^ AdujAd 



m 

dip 

a7 



Thus 



(2.16) 



X 



X 



^n(n-l)V^— -w""^AawAa, ^ 
^ ^ ds \ dt 



dijj 



Mn-l)V^^u;-'AdojAd 
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Using another expression of I^, or taking the complex conjugate on both sides of 
(|2.16|) since /° is real, one has 



X 



(2.17) 



9s 



X 



'dt 
9l 



Hence, adding (|2.17p to (|2.16p and dividing by n{n — on both sides, we 

deduce 



2/0 



7i(n - 1)V^ 
(2.18) 



-rr f dtp \ dip 



X 



d 



X 



dt ) ds ^ 



X 



dip\ dip 



d 



X 



dt J ds 

According to the expression (|2.18p . we introduce two functionals 



ds J dt "f' 



(2.19) 
(2.20) 



1 



aiduj Alj^ a {dipt ■ (pt)dt, 



w Jo Jx 

1 



i^ Jo Jx 



a2duj Auj^^ ^ A {dipt ■ ft)dt. 



Here oi, a2 are non-zero constants determined later and we require oT = a2. Satis- 
fying this condition, oi and 02 have lots of solutions. In the following we will see 
that we take only two special cases: are purely complex numbers; are real 
numbers. Consider the corresponding two 1-forms on [0, 1] x [0, 1], 



(2.21) 



(2.22) 



aiduAujl''' A \d(^ ] -iP 



X 



X 



X 



X 



aiduj A w^"^ A yd 
a2duj A A (^d 
a-iduj A w^'"^ A ( d 



ds 

-r:^( dip 

'dt 

dip 
97 
dip 
'dt 



ds 
dt, 
ds 
dt. 



Firstly, we compute the differential of and the differential d^"^ can be easily 
written down only by taking the complex conjugate on both sides. Calculate 



(2.23) 
where 

(2.24) 



d^-i ^I^ -dtAds 



d 

X dt 
d_ 

X ^ds 



doj A ^ ( g 



duj A a;;~2 A ( d 



dip 
'dl 
dip 
dt 
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Dividing by ai on both sides of (I2.24|) . we have 



/I 
ai 



d_ 

X 'di 

d_ 
X ds 



-0 • d 



dt 



d 



9V 

dip 
'dt 

di/j 
ds 



X 



ds ' [ dt 



Aw" ^ A 9w 



A w^"^ A duj 

-Km 

f d^ip\ 



A uj. 



A diJ 



dip 
dt 



"^■'[dldi) 



A ^ A 9a; 



X 



i^-d[^]A{n~2)u;;-'AV^dd[^]Ad^ 



dip 
'dt 

dip\ 

ds 



A dio 



dip f dip 



X 



dt 



ds 



-^■d[^]Au;r^Aduj+ ^.drZ]AL^r'Adu; 



dip ( dip 



ds 



dt 



To simphiy the notation, we set 

(2.25) A, j^^[n-2)d{^^ 

(2.26) B, := jj{n^2)d(^ 

Consequently, /ai can be written as 
/I 



A ujT'' a aw a -V- 199 



f dip 



A w^"^ A aw A 



5t 



ds 



ai 
(2.27) 



90 g /i90 
X dt yds 



A w^"^ A 9w + 



S'f/' g f dip 

X ds 



dt 



A w^"^ A 9a; 



Similarly, we can define by 
(2.28) =1^ -dtAds 

where 

r diP ^ fdiP\ ^ /"Si/. 



a2 
(2.29) 



X dt \ds 



A w^^-^ A 9a; + 



X ds ^ \ dt 



dip 



A ujI^~'^ a duj 



- Ai+Bi. 
Consequently, from ([2l8l) . ^(TT!) and ([2:291) 

2J0 jl J2 



(2.30) 



n(n — 1)\/^ ai ^2 



(^i+Si)-(Ai+Si). 
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By a direct computation and using (|2.ip and p.3p . one can show that the sum 
Ai + Bi has a nice form: 



Ai = 



X 



X 



X 



2) 

^{n - 2) 



d(ip-d 



Ad 



'dt 



dtp 
97 



Ad 



'dt 



ds 



d^j 



ds 



dt 



Jjn 2)^ . V^dd (^^^ A u;-' AdojAdl^^ 



X 



-fd^ 
\ ds 



+ / (n-2)V-19i/iAa( ^ ) A^;-3a9l^A9( ^ 



dt 



+ / -(n-2)V^97/'Aaa;Aa 



/ dip\ / d4> 



X 



ds 



Ad 



dt 



Aw'; 



{n - 2)V-19V' A9a;A9Ur- A9Nj- Aa;, 



X 



dip\ -pr f di/j 



ds 



,n— 3 



Adding the term Bi on both sides gives 



(2.31) Ai+Bi^ -{n-2)V^dTp AdLj Ad [ ^ ] Ad 



X 



dt 



dil'\ f dtp 



dt 



ds 



A uj] 



n — 3 



According to (|2.3ip . we define 

(2.32) Cli^',^") ^ / 

Voj Jo 

(2.33) Cti^',^") ^ 



X 



a^dtpt AdujA dipt A d(pt A uj^~ 



n — 3 



uj Jo JX 



a^dipt Aduj A dipt A dipt A u:"^^ 



n — 3 



where 03,04 are nonzero constants determined later and we require 03 = 04. Con- 
sider 



(2.34) 

(2.35) 

Calculate 
(2.36) 



*4 = 



X 



asdip A did Ad ] A dip A uj[ 



n— 3 



dt 



asdij AdujAd[^]AdtPA w^^^ 



X 



Uidtp AduAd[^]Ad'ipA w^^-^ 



X 



dip 
ds 
dip 
dt 



aidtp Adi^ Ad[^] Adtp A w^"^ 



ds 
dt, 
ds 
dt. 



d^--^ ^ r - dtA ds. 
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where 

(2.37) /3 

Also, we can calculate 
(2.38) 



d 

X ds 



d^jAdtoAd ] Adi^ALJ. 



n—3 



dt 



d^AdojAd[^]Adi;A w^"^ 



d^"^ = 7^ • A ds, 



where 
(2.39) 



L 



d 

X dt 
d 

X OS 



dtlj 



dtp Aduj Ad [-^ j Adi) Auj''^ 

dtp 
di 



,71 — 3 



dtp Adoj Ad\'^] Adij) A w^"^ 



Hence 
as 



AdwAd 

( d^tp \ 



'dtp 
5^ 



AdtpAuj. 



n—3 



./dtp 



+ dtpAdLoAd l^g^j A dtp A w^^"'^ + dtpAdLjAd {^-^ j A d 



dtp 
'dt 



A oj, 



,n— 3 



+ dtPAdcoAd( j^j A dtp A {n- A s/^dd 



dtp 
dt 



L 



dtp 
ds 



dtp 



A 9w A 9 ( ) A SV' A 



(d'tp\ 



,n — 3 



+ di) Adoj Adyj^j Adi) Aujf^ + di) Aduj Ad 

)d_tP_ 
\dt 



dtp Aduj Ad\ 



Adtp A{n-2,)ujl-'^ Ay/-ldd 



dtp 
dt 

/dtp 

\ds 



Ad 



dtp 
ds 



A LJ, 



n—3 



The second term and the sixth term cancel with each other, and the third term and 
the seventh term are the same, so we have 



as 



dtp 
'dt 



+ 



Ad 
Ad 



+ 2 [ dtpAdioAd 
Jx 



dtp 
ds 

dtp_ 

dt 



Adu) Adtp Au)^ 
Aduj A'dtp A L0^~^ 



n-3 



(mA-dC-t 



\ds 



+ 



dt 
dtp 
'd's 
TT f dtp 



A LU, 



n — 3 



y (n - 3)dtp AdtPAdwAd[^] A w^"^ A V-ldd ( ^ 



- J {n-3)dtpAdtpAdcjAd\^^ 



dtp 

'dt 

T^fdtp 



ds 



-(^^-2)^/^ 
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where 
(2.40) 

(2.41) 

(2.42) 

Similarly, 
(2.43) 



Hi 



A, 



X 



X 



'dt 
dtp 
97 



Ad 
Ad 



dtp 
ds 

dtp_ 

dt 



A duj A dtp A uj'. 



n — 3 



A du} A dtp A uj"-^ 



(n - 3)dtp A dtp A duj Ad 



X 



dtp 
ds 



B. := 



-J {n - 3)dtP A dtp A dcj A d 



A n — 4 A 

Auj^ A 



ds 



Hi 



{n - 2)V^ 



{Ai + Bi) + A2 + B2. 



The hard part is to find some suitable expression of Hi . In the following we will 
see that Hi + Hi has a nice form which contains only Ai, Bi, Ai, and Bi . 
Now we compute Hi , using (|2.3p and (|2.4p : 



Hi 



d 



X 



d 

X 

dtp_ 
X dt 
dtp 
x~dt 



'-9 


^dtp\ 


yds J 


} 


^dtp\ 


yds) 



dd 



A duj A dtp A uj, 

A duo A dtp A uj 

dtjA 
ds ) 
dtp\ 



n — 3 


dtp 




'dt 


n — 3 


dtp 




'dt 



\ AduAdtPA -dlj^j Adl^dojAdtPAujH, 



dtp 



,n— 3 



dd{^\ AduAdtPA w""^ - d { ^ \ A d [doj AdtP Auj. 



ds J 



dtp 



ds 



,n— 3 



X 



^ - di^] AduAiddtPA -dtPA{n- 3)^^-'^ A du 



dt 



ds 



X 



-^■d(^)Addu.AdtPAu.-'' 



dt 



ds 



dtp ( dtp 



X 



dt 



ds 



-^■d\^\AdujAdi!A{n- i)ojT^ A dto 



X 



d(^]Ad(^]Adu.Au.;^'AdtP 



dt 



dtp f dtp 



ds 



dduj A oj', 



dioAin- 3)0;"-'' A duj 



A dtp 



dtp „f dtp 
x^f 



IX 



dtp f dtp 
-dt-^ 



ds 
dtp 
ds 



A ddu A dtp A w^-^ 



AduAdtPAin- 3)uj'^-^ A duj 
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Therefore we obtain 
(2.44) Hi ^ 



dtp Adui Ad 

X 

dtp 

dt/j 
x^ 



dtp 
ds 



Ad 



dtp 
'dt 



A uj 



71 — 3 



■d 

■d 



dtp 
ds 
dtp 
ds 



A dduj AdtPAuj^l, 



n— 3 



A aw A (?i - 3)0;;^"'* AduAdtP 



^■d[^] AddujAdtPA w,7-3 



dtp 
X dt 



dtp ( dtp 



X 



dt 



ds 



_L . a A at^ A (71 - 3)c^"-^ A ac^ A dtp, 



and, taking the complex conjugate yields, using (|2.3p and (|2.4p 



(2.45) 



Hi = 



X 



dtp 



av' A aw A a — - A a — - A 



ds 



dtp 



dt 



^^.af^^iAaawAa^Aw 



X 



dt 



ds 



n — 3 



dtp f dtp 



dtp 

x^ 

dtp 

x^ 



• a 

• a 



ds 
dtp 
ds 
dtp_ 
ds 



A dduj Adtp Auj^ 



n— 3 



A aw A (n - 3)a;;j-'* A aw A a^' 
A aw A (n - 3)w,"-'' A aw A dtp. 



Adding (^TiS)) to (I^TiS)) . it follows that 
(2.46) 



Ai+Bi 



and, hence, 

j3 j4 

as 0.4 

(2.47) 

Set 
(2.48) 
we deduce 

(2.49) 



= Hi+Hi 



^{n - 2) 

A2+B2+A2 + B2 
3 



-(n-2)V^ (n-2)V^ 

[(Ai+Bi) -(:?:+ ST)] 



ci 



-(n- 2)V^ 
:=Ai+Bi-(Ar+S7 
2/0 /I /2 



[(Ai + El) - {Ai + Bi)] + {A2 + B2) + {A2 + B2) 



C2 



A2 +B2 + +B2. 



n{n — l)y 



1 ai 02 ^' 03 04 



-(n-2)V^ 



Ci + C2. 



2.3. The constructions of and I^. To give the general construction of J^'+i 
and /2«+2^ TffQ firstly consider some special cases. In this subsection we give the 
construction of and I^, and in the next subsection the construction of /'' and 
Finally, we give the general construction. 
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From (|2^ . it follows that 

A2 = 

J X 

J-ld 



X 



X 



X 



{n - Z)diP A dtp Ad ) A cj'^-'^ A doj 



3) 

^{n - 3) 



d { dtPAdtPAdfj^ 



A uj"^-^ A doj 



A ( 99^ A a ( ~ dt/j A dd 



Au;;-^Aac.Aa(^ 

{n - 3)97/. A -V^ddiP A d A uj"^-^ AduAd 

+ / {n~i)d'iP AdiP AV^dd{^^ AloI'^ Aduj Ad{^ 



- ( . - f dip\ . „„4 



dt 



{n - ?,)di}j ^^UJA^\-^]A^\^]^ uol"" A y/-lddi}j - B2 



X 



dt 



hence, by the definition (|2.42p . we have 



(2.50) A2 + B2= J {n~ 3)0^ AduAd a d ] A u^-^ A ^/-Idl 

Motivated by (P3g)) . we set 



(2.51) C((^', v") / / a^d^t A dtu A dipt A dipt A ^^-^ A ^ ~\ddp> 

y^j Jo Jx 



(2.52) Ctiip',^"):^ — aed^tAduAd^tAd^tAu:^;'' AV-lddip- 

y^ JQ Jx 



Consider again the 1-forms 



(2.53) 



(2.54) 



asdtjj AduAd A dtp A u"^-^ A ^/-Iddip 

a^dip AdujAd (^^^ A dtp A w^J"'' A y/^ddtp 
aed^p AdijAd (^^^ Adi>A i^'^-^ A y/^ddtP 



X 



X 



UX 

The differential of is given by 
(2.55) 



aedi: A duj A d [ ^ ] A dtp A o;""^ A V-lddip 



dt 



d^^ = ■ dt A ds. 



ds 
dt, 
ds 
dt. 
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where 



/5 

as 



(2.56) 



d_ 

xdi 
d_ 

X ds 



d^PAdujAd (^] A dip A a;"-"* A v^ddtf: 



ds 



Hence, using p.SOp . 



as 



X 



d [ AduAd AdijA u^-^ A V-ldd^ 



ds 



+ dtpAdujAd 



\dtdsj 



Ad^ Aoj'lf^ Ay/-lddTp 



+ dip Aduj Ad(^\ Ad(^\ Auj'?r^ A^/-lddiP 



ds 



+ di^AdojAdf • 
V ds 



dt 



A dip A {n- 4)a;;~^ A V^dd ' 



dt 



A V^ddip 



+ dip Aduj Ad 
d 



dip 
97 



X 



dip 
ds 



A dip A Lo'f^ A y/^dd 



dip 



dip 
'dt 



+ dip Aduj Ad 
+ dip Aduj Ad 
+ di/j Adu! Ad 



A 9a; A 9 ] A dip A uj'f^ A ^/-ldd1p 

(d^iP\ 
\dsdt) 
dip^ 
'dt 



A dipj A uj'f^ A V^ddip 



A d 



dip 
ds 



A UJ^-^ A ^/^dd1P 



dip 
'dt 

dip 



A di/j A {n - 4)a;;;-5 A V^ldd ( ^ ) A V-lddip 



dip 



ds 



+ dipAdojAd{^\AdipAujll-^AV-ldd{^ 



X 



dt 



dip \ f dip 



dip 



ds 



dt 



ds 



-a A 9 A 9a; A 9V' A lj"-" A V~lddip 



X 



dip \ -rr f dip 



ds 



dt 



d\^]Ad\^]AdujAdipA a;""'' A V-199V' 



dip Adu Ad A 9 ] A uj^-" A ^ -\ddip 



X 



ds 



dt 



X 



+ I diPAdijAd(^ 

dip 
'dt 



dip Adio Ad 



Bo 



X 

n — 3 71 — 3 
3 



AdyjA{n- A)oj';-^ A V^dd 

dip 
97 



A dip A [n- 4)w;^^ A 7=499 



A \/~^ddip 
A y/^ddip 



n — 3 



(^2 + 52) + ^3 + ^3, 
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where 



(2.57) 



X 



X 



'dt 

dip 
9l 



Ad 



dip 



ds 
fd^ 
\ dt 



AdiuAdipA u'^-^ A V^ddip 



/\d[^] AdujAdipA tu'f^ A V^ddip, 



A3 ■■= 
(2.58) 

B3 := 
(2.59) 

Similarly, for 

(2.60) 

we have 



(n - 4)dip A dip A duj A d 

X 

AV^ddip, 



dip 
ds 



A cj"-^ A V^dd 



X 



{n - A)dip A dip A dtJ A d 



"4' 



A A 



dip 
dt 



AV-lddip. 



d^r" /t' . A ds. 



(2.61) 



/6 3 

— = H2 + -{A2 + B2) + A3 + B3. 



As (I2.44p . the hard part H2 is calculated as follows: 



Ho 



d 



X 



d ] AdujAdiPA uj^l,-^ A V^ddip 



d 



X 



d 



dip 
ds 



AdioAdipA Lo^^^ A V^ddip 



dip 
'dt 
dip 
'dt 



d 



dip 
X dt 

di\ 

ds J 
dip_ 
x~dt 



dd 



dip 
97 



AdcuAdipA uj"^-^ A ^/^dd1p 



j Ad(dLjAdipA uj'f^ A V^ddip^ 



dip 
9^ 



dd[^] AdojAdipA uj^-^ A V^ddip 



d 



(S) ^ ^ (^^ ^ ^V' A oj"^-^ A V^ddip^ 



dip — f dip 



-^■d[^]AdujAddipA A V~lddip 



X 



dt 



ds 



^ ■ d A dduj A dip A Lol-^ A V^ddip 



X 



dt 



ds 



dip f dip 



X 



^ -di^] Aduj Adip A{n- 4)w^"^ A du A V-lddip 



X 



dip f dip 
-d-t-^ 



ds 



AdujA ddip A 



A dip 



dip f dip 
x^f 



ds 



X 



dip p,( dip 
dt' \ds 



A dduj A dip A uj^^^ A V^ddip 



AdujAdipA{n~ 4)^;"^ A duj A V^ddip. 
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Hence 
(2.62) H2 



X 



^ (S) ^ ^ (^) ^ ^^^^ ^ V^ddi> 



9s 



ix 



Ix 



? • 9 ( ^ ) A aw A aw A (n - 4)0;"-^ A V^ddi; A 9^- 

^ OT \OS J 



and, consequently, after taking the complex conjugate on both sides 
(2.63) = 



Ix 



X 



d (^j^^ A d (^^^ A 9V A 9a; A oj'f^ A V^ddiP 
^ • ^ A A 99^ A w;-4 A \/^c>9V 

^ • 9 (^j^^ Aduj A duj /\ {n - 4)^;-^ A V^ddiP A dij 
I ^-d (^1^^ A dt/j A ddoj A Lo^-^ A ^/^ddip 
I ^-d (^j^^ AdujAdujA{n- 4)^;^-^ A ^/^ddiP A d^h 



X 



Therefore 



— A2 + B2 A2+B2 



n — 3 71 — 3 ' 
4 



(A2 +B2 + A2 + B2) + (A3 + + ^3 + -83) 



(2.64) H2 + H2 

(2.65) - + - - 

05 ag n — o 

If we set 

(2.66) C3 := ^3 + 53+^ + 5^ 
we can rewrite p.64p and p.65p as 

/5 /6 4 



(2.67) 



H2 + H2 



C2 



n — 3 ' 05 ae rt — 3 



C2 + C3. 



2.4. The constructions of and Recall 



A, 



9V 



(n - 4)9i/; A A 9a; A a ( ^ ) A w,^^ A V^a^V^ 



A v^aa 
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A. = 



X 



(n - 4)9V Ad^pAdLoAd ( ^ ) A u;""^ A V-lddip 



ds 



= J y/^{n - 4:)dtlj A d (d^) A dco A d 



A w"-^ A V^ddijj ] 



Ad 



dip 
'di 



Jx 



ddtp A du; A 8 [ ] A w""^ A y/^ddip 



+ dip Adui Ad id 



dip 

'dl 



A A V^ddip ] 



Ad 



dip_ 
dt 



[ V^{n-4)dipA 
Jx 

t: f dip 



ddip Aduj Ad 



fdiP_ 
\ ds 



A uj^-^ A y/^ddip 



+ dip Adoj Ayddy-^j Auj'^-'' A^/-lddipj 
= J {n- A)diP AdwAd (^^^ A d (^^^ A w;"^ A (V^ddiP) 



+ J {n - 4)dip A dip A diu A d 



A y/^dd ] A ujI'^ a V-lddip 



ds 



-fdip\ j-f dip\ 
Ad 



ds 



dip 



= -^3+ / {n-A)dip AdLO Ad 
Jx 

Consequently, it follows that 

(2.68) As + = / (n - A)dip AdcoAd 
Jx 

Now we introduce the corresponding functionals 
1 



Ad 



dt J 

dip 

'dt 



]Au:;-'A{^/^8dipf. 



Acj^ A{v-iddipy. 



(2.69) C(^', (p") ■.= ^ / ard^t AduA d^t A d^t A w^;^ A {V-ldd^tY 

Jo Jx 

(2.70) Cliifi', if") [ [ a^d^t Aduj A d^t A dipt A 0;""^ A {V^ddiptf 

Jo Jx 



and consider the 1-forms 



(2.71) + 

(2.72) + 



j ardip AdcoAd A dip A w^'^ A {V^ddipf 

/ ardipAdwAd 
Jx 



ds 

^ ' > A 9V A a;"-^ A {V^ddipf 



asdip Adu A d 



X 



/ agdip Adw Ad 
Jx 



dt 

dip_ 
ds 
dip_ 
dt 



A dip A A {V^ddiPf 
A dip A w^-^ A {y/^ddipf 



ds 
dt, 
ds 
dt. 
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So, we have the expression, 

(2.73) d*^ = f-dtA ds, d*^ = ■ dt A ds, 

where 



X 



d_ 

dt 



I - 

L 



dip Adoj Ad 



dip Aduj Ad 



dip\ 



dip 

fdi 
\dt 



A dip A uj'f" A (V^ddip) 



A dip A w"-^ A {\/^ddipf 



dt J 



+ dipAdojAd 



ds 



d[^]AdtjAd[^]AdiPA ujI-' a iV-lddipy 



d- 



dtds 



) AdiPAcj^ 



n—5 



A {v-iddipy 



— f dip\ f dip 



+ dip A du Ad \ ^] Ad [^] A u"^-^ A {V^ddipf 



dt 



-fd± 

ds 



+ dipAdojAd[^] AdipA{n- 5)w;j-^ A V-ldd ( ^ ) A {V-lddipf 



jci f d^ 

'dt 



+ dipAdujAd(^]AdipAujll~^A2V^ddipAV^dd 



d 



dip 
ds 



ds 

AdcoAd 



m 



-i^^^ A dip A w;-^ A {V^ddipf 



+ dip Aduj Ad 
+ dip Aduj Ad 
+ dip Aduj Ad 



dip_ 
'dt 



j AdipAco:^-'' A{V-lddipy 

dip' 
ds 



Ad 



A w;-^ A iV^ddiP) 



+ dip A du Ad 



dip 
'dt 
dip_ 
'dt 



A dip A {n- 5)w"-'^ A \/-ldd 



dip 
'd^ 



A dip A wj-^ A 2V-lddip A V-ldd 



A [sT^ddipf 



rdip 

\'d^ 



X 



dip\ 



di]j 
ds 



AdcoAdipA uj2~^ A {V^ddip) 



X 



ds J 



dip 



dt 



d[^]Ad{^]Adu;AdipA uj"-' A {V-ldddipY 



+ 2 J dip A dwAd(^^^ A d (^^^ A OJ^-^ A (V^ddip) 
+ J dip A du Ad (^^^ A 
- J 5V'A5wAa(^^^ AaV'A(n-5V;^-''A\/^9a(^|^^ A(\/^aaV') 



^ ^^"^^ ■ diPA{n- 5X-^ A V^dd (^) A {V^ddiPf 



+ 



n - A 



(^3 + S3) 



= ^^3 + 



n - 4 



(A3 + S3) +Ai + Bi 
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where 



H. := 



(2.74) 
and 

(2.75) 

(2.76) 

Hence 
(2.77) 

Similarly 
(2.78) 

Calculate 
Hz = 



+ 



X 



X 



dip 
5^ 



AS 



Ad 



ds 

dtp_ 
'dt 



AdtoAdipA UJ^-'' A {V^ddipy 
AdujAdipA w"-^ A {^/^ddipf 



Ba := 



y (n - 5)dij Ad%l)AdujAd \^ ] A 
A^dd{^^A{^dd^l^f, 

(n - 5)9V Ad^AdooAd ] A co] 



,n— 6 



X 



n— 6 



A 



f 4 

— = i?3 + t(^3 + Bs) + Ai + Bi. 

ar n — 4 



— =H3 + -^{As + Bs) + Ai + Bi. 
as n - 4 



X 



X 



dip 

9VA 



AduAdipA wj-^ A (V-lSS^/') 



/■ dip_ 
Jx^ 



d y-^J A aw A 5V' A w^-^ A (V^^SV') 
55 f 1^ J AduAdipA uj^^-^ A {V^ddipf 



dt 

dtp 
'dt 



IX 

d\^\ AdldioAdipAw'^-'^ Ai^/^ddipY) 



ds 



ds 



dd{^] AdojAdijA LJ^-^ A {y/^ddipf 



f dip 
^ Jx dt 

- d(^^ AdidojAdiPAui"^-^ AiV^ddipf') 



dip f dip 
dip 



X 



dt 



■d 



dip_ 
ds 



Jx dt \dsj 



AdtoA ddip A co^ A (V^ddip) 



A dduj A dip A co^-" A {V^ddipY 

Aduj Adtp A{n- 5)^""*^ Adoj A {\/-lddipf. 
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Since 
(2.79) 



X 



Ix 



dt 



ds 



ds 



A aw A aaV' A w^"^ A V^ddip A 9^ 
A (aaw A ddij A w"-^ A y/^ddtp 



- dujA ddi) A{n- 5)^;^® A 5w A ^T^ddi^j A d^, 
it follows that 

Hs = J^d(^^^ Ad(^^^ Ad^AdLoAoj^;-' AiV^ddiljf 
(2.80) - J ^■d(^j^^ Adi^AddojAoj"^-^ AiV^dd^jf 



+ 



L 



dtp Q f ^'^ 
'dt ' 



+ 



r dtp_ 

Jx^ 

dtp 

'dt 



L 



■d 
■d 



ds 

dtp 
ds 
dtp 
ds 



Aduj A'duj A{n- 5)^^-^^ A {^/^d'dtpf A dtp 

A dtp A dduj A co^'^ A {yf-iddtpf 

Adoj Aduj A{n- 5)^""^ A {\/-id'di}f A dtp. 



Hence 



(2.81) H^ + Hs 

J7 jS 

(2.82) — + — 
ar as 

Set 

(2.83) 

Then 

(2.84) 



A3 + B3 _^A3 + B3 



n - 4 
5 



n - 4 



n 



-4 



(^3 + B3 + A3 + B3) + {A4 + B4 + Ai + Bi). 



C4 := A4 + B4 + A4 + B4. 
5 



J7 J8 
+ — = 



7C3 + C4. 



ar as n — 4 

2.5. Recursion formula. Suppose now n > 4. we define, for 2 < i < n — 2, 



Ai := 
(2.85) 

Bi ; = 

(2.86) 
So 



x 



5^ 



(n — i — l)dtp A dtp A du) Ad 
dtp 

dt, 

/ dtp \ 

{n — i— l)dtp A dtp A duj Ad 



Aw! 



A {V^ddtP) 



i-2 



AV^ldd 



dt J 



1 Au;;-^-2 A 



-IddtP) 



.i-2 



A 



Idd 



df\ 
ds J 
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{n-i- l)di; Ad^jAdojAd (^j^ 



Jx 



Jx 



dtp Ad [dui Ad 



ds 



{n-i- l)di) A SV' A 5w A a ( ^ ) A w^"'-^ A (v^SaV')'"^ 



A 



dd'^ Aduj Ad 



A A {V^dd0 



dtp 



Aw;-*-2a(V-155V') 



\i-2 



Ad 



dtp 
dt 



= [ V^{n-i- 
Jx 



l)dtp A ddtp Adco Ad 



dtp 
ds 



Acj2~'~' A{y/^ddtP) 



\i-2 



-l(n - i - l)dtlj Adtp Aduo Adld f ^ ) A oj'T'-'^ A {s/^ddtpy-'^ 



X 



ds 



X 



■T^fdtp 
dt 



{n-i- l)dtp AdtpAdcjAd[^]A w^^"'"^ A {y/^ddtpy-'^ 



AV-ldd(^ 



+ [ {n-i- l)dtp A dto Ad 
Jx 



-rr ( dtp\ ^ / dtp 



ds 



Ad 



dt 



A to"--'-^ A {V^ddtP) 



thus 



(2.87) Ai+Bi = j {n-i-l)dtPAdujAd(^^Ad(^^Auj';-'-^A{^ddtpy-\ 
Define, where a2i+i and 02^+2 are nonzero constants and we require 02^+1 = 021+2, 



1 



Jo 



((^', := / / a^.+idift AdioA d^c A dipt A ^-^-^ ^ ^^QQipty 



X 



a2i+2dipt Adu) A dift A d(pt A lo] 



X 



,n— i— 2 



(2.88) 
Consider 

^2i+l ^ 

(2.89) + 



A{y/^ddipt 



/ a2i+idtp Adoj Ad 
Jx 

I a2i+idtp Adijj Ad 
Jx 



dtp 
ds 
dtp 

'dt 



A dtp A w^"*"^ A {V^ddtpy-'^ 

A dtp A Lu^-'-^ A {V^ddtpy-'^ 



ds 
dt, 
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and 

^2i+2 

(2.90) 
So 

(2.91) 
where 

/2i+l 



/ a2i+2dtlJ Adoj Ad 
Jx 



a2i+2dip Adui Ad 



'di 



A dip A w;-*-^ A {^f^ddipy-^ 



ds 
dt. 



d_ 

xdi 
d_ 

X 9s 



X 



dip Aduj Ad 



dip A dui Ad 



dip 
ds 
dip 
'dt 



A dip A co^~'~'^ A {y/^ddipy-'^ 

A dip A w;-*-' A {V^ddipy-' 



dip 
'dt 



+ dip A du! Ad 



Adoj Ad 

dhp\ 
dtds) 

di/j 
ds 



dip 
97 



A A col'-^ A {V^ddip) 



A dip A a (V^ddip) 

di]j 
dt 



+ dip Aduj Ad\'^] Ad\^] A u'p-"^ A i^/^ddipy-'^ 



+ dip A du) Ad 
A{s/^d'dipy 



fdi 

\ds 



Idd 



+ dip Adui Ad 
Ay/^dd 

d 



dip 
ds 



AdipA{n-i- 2)10"^-'-^ A 
A dip A w^-'-^ A (i - l){V^ddipy-'^ 



fdip_ 

\dt 



fdip_ 
V dt 



X 



dip_ 
ds 



Adoj Ad 



dip 
'dt 



A dip A w'^-'-'^ A {V-lddip) 



+ dip A du! Ad 



d^ip \ 
dsdt) 



A dip A uj^-'-^ A (V^ddip) 



dip 



dt 

di/j 



dip 



+ dipAdcjAd[^]Ad[-^]A w;-'-^ A (V-lddiP) 



,n—i—2 



+ dip Adoj Ad{ Adip A{n-i - 2)^^-'-^ A \/^dd 



A{\/^ddip) 



i-l 



+ dip A du) Ad 



dip 
'dt 



A dip A w^"*"^ A (i - l){y/^ddipy 



AV-ldd 



m 
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Therefore 



(l2i+l 



-d 



X 



X 



ds 



Ad 



ds 

dt 

dip 



Ad\^\AdujAdipA wj"'"^ A {^/-Iddip) 



AdcoAdipA A (V^ddip) 



ds 



dip 



dt 



n-i-2 



+ j dip A doj A d (^j^^ A dtp A {n - i - 2)ioll,-'-^ A V^dd 

Aiv^ddipy-'^ 



dip A du Ad 



(2.92) 
Here 



X 

Aisf- 



dip 
'dt 



Adip A{n-i-2)t 



n—i—3 



A V-ldd 



dip_ 
ds 



■Iddipy-^ + l){Ai + Bi)/{n -i-l) 
-{Ai+Bi) + Ai+i+Bi+-^. 



n-{i + l) 



Hi := 



X 



dip\ f dip 



( TIT ) ^ ^ ( IT^ M ^'^ ^ ^ ^ {"/^ddipy-^ 



dt 



ds 



(2.93) + j d(^^^ Ad(^^^ AdLoAdiPALo;-'-^ A{V^ddipy 
Similarly 
(2.94) 
Calculate 



7-2i+2 

=Hi 

Ct2i+2 



{Ai + Bi) + Ai+1 + Bi+1. 



Hi = 
+ 



X 



dip 
dip 



n-{i + l) 

A du A dip A A {V^ddipy 



d[^] AdtoAdipA oj'l''''^ A {y/^ddipy-^ 



dip 
dt 

dip 
'dt 



A dip A w^"*"^ A {y/^ddipy 



T;fdip\ 



d[ -^j Ad [du Adip Aij'^ 



n—i—2 



{V^ddipy-'^^ 



+ 



r dip_ 

Jx dt 



ddf^jAdujAdiPA w;-*-^ A {V-lddipy 



- d{j^jAd(dLoAdipAuj'^ 



n—i—2 



iV^d'dipy-'^^ 
= j ^■d(^^^ AdojAd'dipAuj:^-'-^ A{y/^ddipy-^ 

A ddoj A dip A w^"*"^ A {V^ddipy-'^ 
Adcj Adip A{n-i- 2)0;^"'-^ Adu A {\/^ddip) 



dtp dijj 
X dt \ds 
dip_ 
ds 
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Since 



ds 



-L 
-L 



at' [ds 



A aw A dd^ A w;^"'"^ A {V^ddi;) 



i-2 



dtp ^fdTp\ 



A {-y/^dtp) 
A dtp 



dip 

'dt 



AdcoA ddip A ujf-^ A iV^ddip) 



A^V' 



A (v/^aav-)'"^ A av' 



X 



• a f ^ ) A ( 99w A 99^/- A A {V^ddipy-^ 



dt 



ds 



duj A ddip A{n-i- 2)ujf-^ AduA (v^S^V')'"^) A dtp, 



it follows that 



Hi : 

(2.95) 



X 



d (^) Ad(^] AdtpAdujA A {V^ddtpy-^ 



ds 



dt 



+ 



+ 



dtp f dtp 
dtp ^ f dtp 



{^^^ A dtp A dduj A w^"'"^ A {V^ddtpy-^ 



dtp r. f dtp 

x^t-' 

dtp ^ f dtp 



ds 

dtp 
ds 
dtp 



Adoj Adw A{n-i- 2)ojT'-^ A {s/-iddtpy-'^ A dtp 



A dduj A dtp A ujI-'-"^ A {^/-Iddtp) 



AdujAdujA{n-i- 2)a;S"'"^ A {sf^ddtpy-^ A dtp, 



and, similarly, 

iTi = j^d(^^^ Ad(^^^ AdtpAdioAcu;-'-^ AiV^ddtpy-^ 
(2.96) - j ^ ■ d Adtp Addu) A A {\f^ddtpy-^ 



+ 



+ 



L 



dtp f dtp\ 



dt 



■d 



ds 



dtp Q f 9tp 

X dt \ds 

[ ^ 

Jx dt \ds 



Adoj Adoj A{n-i- 2)ij2 A {V^ddtpy-^ A dtp 



A dtp A dduj A oj'f'-'^ A {y/^ddtpy-'^ 

Aduj Aduj A{n-i- 2)a;V'"^ ^ {s/-iddtpy-^ A dtp. 
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So, for 2 < i < n - 2, 



(2.97) 



j2i+l j2i+2 



A, + B, A, + B, 



n — i — 1 n — i — 1' 



0.2i+l a2i+2 



= H, + H, 



n- (i + l) 



{A, + B, + A, + Bi) 



{Ai+i + -Bi+i + Ai+i + 

i + 2 , , — 

-——{A, +B^ + A, + B^ 

n — (i + 1) 



(2.98) 

Recall, see ((2^ . 

as a4 
2/0 



1 



n(n - 1)\/^ 



n- 2 

jl j2 

ai 02 



((Ai + Bi) - (Ai + Bi)) + (^2 + 52 + A2 + B2) 
{Ai+Bi)-(A[ + Bl). 



Let 

(2.99) 
(2.100) 



Ai + Bi+Ai + B^, 2<i<n-l, 



ci := Ai+Bi-(Ai+Si). 
Notice that c„_i = 0. So 

j2i+l j2i+2 



(2.101) 
(2.102) 
and 



i + 2 



a2i+l CL2i+2 

as a4 



2/0 



?i - (i + 1) 
3 



Ci + a+i, 2<i<n-2, 



Cl + C2, 



?i(n - 1)V^ 



/I /2 
+ Cl 

fli a2 

jl j2 /j3 J4 
+ — + C2 

ai a2 Vas a4 



n- 2 



/I _ /2 
ai 02 



3V-1 

n-2 /4\ n-2 



1 V 03 04 



C2- 



It is sufficient to determine C2. Let 



(2.103) 

Then 
(2.104) 



J, ■■= 



j2i+l j2i+2 



0-21+1 121+2 



Ci+1 = 



i + 2 
n - (i + 1) 



Ci + Jj, 2 < i < n — 2. 
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To completely determine C2, it is sufficient to solve p.l04p . A direct calculation 
shows 



C3 
C5 



n — 3 
5 

n - 4 



C2 + 'h 



C3 + J3 = - 



= (-1)^ 
6 



5x4 



?i — 4 V n — 3 
5 



C2 + J2 + Ja 



C2 



(n-4)(n-3) n-4 



6 

3 



rC4 + J4 



(-1) 



5x4 



-C2 



n-4 



= (-1) 



(n- 4)(n- 3) 

6x5x4 / -,n2 

C2 + (-l)' 



J2 + J3 



J4 



(n - 5)(n - 4)(n - 3) 



6x5 6 

7 ^V? "^2 -'3 + ^4 

[n — 5j(n — 4j n — 5 



Hence, we have 



3!(n-3)! 



fe=2 



(fc + 2)!(n-fc-2)! 



By induction on i, we have 



i + 2 



n - (i + 1) 
i + 2 



n - (i + 1) 



Ci --\- J-l 

(-1) 



+ l)!(n-z-l)! 
3!(n-3)! 



C2 



i-l 



(fc + 2)!(n-/s-2)! 

„^i_, (z + 2)!(n-z-2)! 
~ ("^^ — SK^T^S)^ — 

(* + 2)!(n-z-2)! 



fc=2 



i-l 



fc=2 



(fc + 2)!(n-fc-2)! 



Jk + Ji- 



{i + l)\{n-i- 1)! 



So (|2.105p holds for 2 < i < n - 2 and we have 

C2 = (-1)- 

(2.106) 

Setting i = n — 1 yields 

C2 = (-1) 



^ (fc + 2)!(n-fc-2)!'^' 



„_3 3!(n-3)! 



(2.107) 



Cn-l 



n-2-fe 



fc=2 



(fc + 2)!(n-/c-2)! 



n > 3. 
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We deduce from ([2^ and (|2.107p that 



2/" 



n{n- 1)V^ 



2 //3 /4 



n - 2 



(-1) 



3V-1 \«3 ^4 

„_33!(n~3)! 



n-2 

c„_i-5](-l) 

fc=2 
jO J2^ 



t-2-fe 



(fc + 2)!(n-fc-2)! 

n-2 //3 



ai 02 / 3v^l \'^3 0,4 



2{n - 2)! 



(-1) 



fc=2 



Equivalently, 



(2.108) 



21" 



Set 

(2.109) 
(2.110) 



n(n — 1)\/— 1 



1 

ai 

^(-i)''(.:2) 

(2)a2fc+l 



jl j2 

ai 02 



/j2fc+l j2k+2 

[k + 2)!(n - fc - 2)! Va2fe+i ^ a2fe+2 



(2) V'^2*;+l a2fc+2 



1 



n{n — ' 02 n(n — 1)\/^1 ' 

2 

022+1 — 024+2, 



we obtain 

(2.111) oi 

a2/c+i 



(2.112) 

Consequently, 
(2.113) 



n{n- 1)V^ 



02 



7i(n - 1)V^ 



2 ' 2 

a2fe+2 



-2(2) 

(-i)M»-i)a+2) 
2(2) 



= (-1)' 



fc + 2 



jO _|_ ^ |^j2fe+l ^ j2/c4 



fe=0 
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Theorem 2.1. The functional, for n > 2, 
(2.114) 



^^i^',^") ■■= ^ f I vKdt 
^uj Jo Jx 

1 n{n- 
\{^Jo Jx 2 



duj A A {dift ■ ft)* 



Jo Jx 

n-2 „i „ 

.^^ vlj Jo Jx 

n-2 



n 
i + 2 



dipt Adoj A dipt A dipt A uf^^ ' ^ 



n-i-2 



A(V^99</7t)^-i. 

is independent of the choice of the smooth path {pt}o<t<i in Vuj from ip' to ip" . 
Proof. Using (|2.113p . we can prove Theorem 12. II in the similar way as [5]. □ 

Corollary 2.2. Suppose n > 2. For any p G one has 



pujlAuj--^ 



n-2 



(2.115) 



2K 



UJ Jx 



/ p>ujlAuj''-^'' AV-ldujAdp 

i=0 
n-2 

E 



i + l 



2K 



pujl A oj"-^-' A ^/^u A dp. 



w Jx 



Proof. Since C^{p) is independent of the choice of smooth path, we pick pt — tp, 
<t < 1. Then dpt A dpt = dpt A dpt — 0, and 



Vui Jo Jx 
n(n-l) 



2K) Jo Jx 



-Iduj A oJt^'^ A {dp ■ tp)dt 



/ ^^u:Alo^-^ A{dp-tp)dt Jq + Ji + J2. 



2K) Jo Jx 
Now we compute Jo, Ji, J2, respectively. Using 

uJtip — CD + t^/—lddp = cj + t{u}ip — uj) = tuj^p + (1 — t)ijj, 
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it follows that 



n 



u Jx 



f (1 -t)"-^dt 



y- 



u Jx 



n 



n\ r(z + l)r(n-z + l) _ 
n! i\{n — i)! 



where r(x) is the Gamma function. Similarly, we have 

n{n-l) ' 



Ji 



2K) jjf Jo 

n(n — 1) 



19a; A [tuj^ + (1 - ^ (d^ ' 



2K) JxJo 



71-2 

1=0 



n - 2 



n{n — 1) 



2K, 



» n-2 



A uj""-'-' A {dip -if) 



i=0 



n(n — 1) 



2K 



w Jx 



» n-2 
/ v^aw A V L 



A w"-'-' A (^(^ • ip) 



i + 1 
7i(r7, — 1) 



n-2 



93a;' Aw" ^ 'A V-19wA5(/j. 



Taking the complex conjugate gives 



, r. 

J2 = V — / + A w"-2-* A ^/^w A d^. 

2\/^ 7x 

Together with the expressions of Jq, J\ and J2, we complete the proof. 



□ 



Remark 2.3. When (X^iS) is a compact Kdhler manifold, the functional \2.114-^ 
or i2.115\) coincides with the original one. 

Let S" be a non-empty set and A an additive group. A mapping Af : S x S ^ A 
is said to satisfy the 1-cocycle condition if 

(i) AA(o-i,CT2) +Af(<72,<Ji) = 0; 

(ii) A^(cri,f72) + A/'(ct2, CTs) +A/'(CT3,cri) = 0. 
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Corollary 2.4. (1) The functional satisfies the 1-cocycle condition. 

(2) For any ip € Vui and any constant C G M, we have 

(2.116) C^(^,^ + C) = C-(^l+^^^^^y Err4^):= / c."- / c.^. 

In particular, if ddui = dui A doj = 0, then (p + C) = C . 

(3) For any kp\,Lp2 S Vu^ and any constant C G R, we have 

(2.117) C^i^u^2 + C)=C^i^,,^,) + C-(l- 



X JX 



In particular, if ddoj = doj A duj = 0, then £^{(pi, f2 + C) = £^{(pi, 1^2) + C . 
Proof. The proof is similar to that given in f2j |3] . □ 

3. Aubin-Yau functionals on compact complex manifolds 

3.1. The main idea. The strategy to construct Aubin-Yau functionals is to use 
the inequalities (|1.5p and (|1.6p to determine the extra terms. Firstly we can show 
that 

1 r 



(3.1) 



n+1 2 

Tl-l 

,n — l — i 



(3.2) + g^M + -^^M +(^+i)[^i(^)+gi(^)] 

n-l 

where I^J,{^),J^^,{^),A^{^),B^{ip),C^{^),V^{^),£^{^),F^{ip),A^^^^^ 
A^{ip),Blj{'.p) are functionals determined in next subsection. Inspired by p.ip and 
|), we define Aubin-Yau functionals as follows: 



+ a\Al{^) + alAliv) + b\Bl{^) + blBli^) 

(3.3) + ciC^{ip)+diV^{^) + eiE^{^) + fiF^{^), 

+ (al - l)Al{ip) + (al - l)Al{ip) + {bl - l)Bli^) + {bl l)S^((p) 

(3.4) + C2C(</j)+d22?^(<^) + e2f^((^) + ./2.F„(<^). 

Here a*, fo*, Ck,dk,ek, and fk are constants determined by the following two inequal- 
ities: 

n-l 



-| lb— ± . p 

n -\- L Vuj n -\- L J X 

~T ''^w Jx 
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It gives us a system of linear equations of 16 parameters and eventually we evaluate 
these parameters: 



Cl 



C2 



= b\ = 

= b\ ^ 

= di = 

= do = 



n 



n 



I l\2' 2 

n + 1 

"2(n-l) 

ei = /i = 



, a\ = h\ = - 



^ hi, ^ 



n 



9 1 ' 

— 1 

n 



n+ 1 



1 



62 



/2 
1 



2(n2 - 1)' 



2(n- 1)' 

By a long computation we find an explicit and shorted formulae for (ip) and 
(3.5) I^^M = / 



n-2 



E 

n-2 

2V^^ 



2v: 



(pw""^ A \/-l9a; A 9(p 



w Jx 



X 



A y/~lduj Adip+ — — / (pw" ^ A V-iaw A 



(3.6) ^j^M^) = + / 



n 



,_i ^I'w Jx 



(pw" ^ A \/-l9(^A 



1=1 

n-2 



-V / ^^;A^"-2-A^/^c.Aa^+-^ / 
" i=i "'^ 



(^a;""2 A V-I9w A dip. 



3.2. The construction of Aubin-Yau functionals. Let {X,g) be a compact 
complex manifold of the complex dimension rt > 3 and uj be its associated real 
(1, l)-form. We recall some notation in [2j. For any ip G we set 



1 



(3.7) T^{,{V) := - / ^(c."-c.p, 

Vu] Jx 



(3.8) J^Av) 



ds 



w Jo Jx 



Two relations showed in |2j are 



(3.9) 



(3.10) 



— / ^.(-yzTaa^)A^^c."-i-^A< 

K; Jx ~t " + 1 

— / <^-(-^/^a9^)A^(n-l-j>"-i 
Jx ^.^0 



-^-^Aw^^. 
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According to the expression of C^{(f), we set 

n-2 



(3.11) Au^i^) 

(3.12) BU^) 
Using p.9p we obtain 



E 

n-2 

E 

i=0 



t + 1 



2VL 



^tj; A A -V^9a; A dip, 



i + 1 



2K 



^tj; A oj"-^-' A A 



uj JX 



n-l 



1 



Ji-1 



-ly'E^K"-!--?') 

+ a;"~i-^' A jw^-i A 9w] A 9^5; 
from the identity i{n — 1 — «) + (i + 1)^ = (i + l) + m, it follows that 



— V / ^/^dip A 



1=1 

n-2 

E 



«(n — 1 — i) 



K; n + 1 

I — 1 

1 "^^ i f 

E ^ 



pul A w"-^-* A %/=T5w A 



puj\, A A A dp 



-IdpA dip Auj' A uj''' 



i=l 
n-2 . 



1 i + 1 + in f 
n+1 J J, 



pLol A a;"-'^' A V-l5w A dp 



1=1 
1 



X 

n-2 



{n + l)V^jx 
To simplify the notation, we set 



(pa;"-'A V-19a;A9v5. 



(pw^ A cj" A ^/~^^uJ A 
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Since n > 3, the above expression is well defined. Therefore 



(3.14) __IAY(^)_^AV(^) 

n + 1 ' ' 



tAY t 



n— 1 
1 \ ^ I 



'H n + 1 Jx 



n + 1 



On the other hand, using the slightly different method, we obtain (see lA.ll) 



(3.15) 

where 
(3.16) 



-I n-l . „ 



A A ujI A uj''' 



n + 1 



^ / N 1 \ ^ in / 



Equations p.l4p and p.lSp implies 



X 



ri-l 



ipuj^ A ^ A dip. 



^dipAdipAu'^Aij"-^-' 



(3.17) 



n + 1 



+ 



By the definition we have 
»i 

rAY 



1 

K) Jo Jx 
1 



{ifuj'' - ipu;l! )ds = 



1 



ipuj 



w Jx 



V^Jo 



X 



V^jx 
1 



ipu;--C^{ip)+AU'p)+BU^). 



u) Jx 



If we define 

(3.18) £^{ip) 

(3.19) Al{ip) 

(3.20) Aliv) 



Tl — 3 2 r 

= ^ ^ / (^c.; A c."-^-^ A A dip, 

- „ I'w Jx 



i=0 
n— 3 

E 

1=0 

n~l 



Vujx 

i + 1 
2K 



(^w; A cj"-^-' A -V^duj A dip 



LO Jx 



2K 



^ Jx 



ipuj^^^ A -V^dujAdip, 



then Alj{ip) + Al;{ip) = Auj{ip) and it follows that (see lA.ip 

n-l „ _ 

= -5](n-l-z) / ^/^9^Aa^ 



AojlpA ui" 



(3.21) 



+ f^(^) + 2(n+l)^i(^) -Aliip) 



n-l 
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Introduce the corresponding functionals 

n-3 2 



IL U 2 /■ 

(3.22) V ^ / ^c^; A c^"-2-'^ A -y^L^ A 

n-3 . , „ 

(3.23) Bli^) := / ^^;ac."-2-A^/^^A9v. 

»=o "'^'^ -^^ 

(3.24) S2(^) := f ^u:;-' A^^^Ad^. 

■^Vu J X 

Then Si(^) + Bl{if) = B^{(p) and hence (seeE2]) 

n-l „ _ 

(" + 1)^4^(¥')-I^^(^) = — 5](n-l-z) / V^a^Aa(^Ac.;Aa; 



(3.25) + ^U^) + 2{n + l)Bl{ip)-^Bliip). 

n — 1 

The equations p.2ip and p.25p together gives 

(" + l):7'4I(¥')-I^h^(¥') = :^$](n-l-z) / V^a^A9^A..;Ac. 



1=0 



(3.26) + ^!M±^ + ^n+l){Ai{v)+Bl{^) 

Al{^)+Bli^) ^ 
n — 1 

Now, we define Aubin-Yau functionals over any compact complex manifolds as 
follows: 

+ aMiM + (^) + blBii^) + b\Bl{^) 

(3.27) + ciC^{ip) + dil?„((^) + ei£„((^) + /i J"^((^), 

+ a\Al{^)+ alAl {^)+b\Bl{^)+ hlBl {if) 

+ (l^) + d2'D^ {ip) + 62^;^ ((^) + f2^uj{^), 

+ {al ~ l)Al{p) + (a^ - l)Al{p) + {b\ - l)Si(^) + {hi l)Bl{^) 

(3.28) + C2C (</?) + ^22?^ (</?) + 62^^ ((/3) + /2.F^ {^) ■ 

Plugging (|3:27l) and ([3:281) into ([3:261) and ([3Tf| . we obtain 

(3.29) ^lAY(^)_^AY(^) ^ 1 /■ ^d^Ad^Au^^^Auj^-'"' > 0, 



i=l 

and 

ri-l 



(3.30) (n+l)J-^^^(y>)-J^^(y>) - E " ~t/ ~ ' / 
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where we require that constants satisfy the fohowing hnear equations system 



(3.31) -^al - {a\ - 1) 

(3.32) ^b\~{b\~l) 
n + 1 



(3.33) 
(3.34) 



n+1 
n 



Cl - C2 



1 






n 


n + 


1' 


n 


+ 1 


1 






n 


n + 


1' 


n 


+ 1 


1 




n 




^2' 


n 


+ 





a\-{al-l) = 
b\-[bl-l) = 

-d2 = 



1 



1 

n+1' 



-ei - 62 



n+1 

(3.35Xn+l)(4-l)-a} 



0, 



-/i - h 



0, 



n + 1" 

(n+1), {n+\){al-l)-al = 

(3.36) (n+l)(6i-l)-6} = -(n + 1), {n + \){bl - 1) - bl = 

(3.37) (n + l)c2-ci = 0, (n + 1)^2 - = 0, 

(3.38) (n + 1)62-61 = -i (n+l)/2-/i = -i. 
The constants a^, 6^ , q, d^, 6^ and , calculated in Appendix B, are 



1 



n- 1' 
1 

n — 1 ' 



(3.39) 


al 


= b\ 


(3.40) 


al 


= bl 


(3.41) 


Cl 


= di 


(3.42) 


C2 


= d2 



n 



n - 1' 
n 



7 T\2 ' 2 

(n — 1)^ 

n + 1 
~2(n- 1)^ 

61 = /i 



2 7,2 

On = 0, = 



n 



n^ — 1 
n 



1 



n 



62 



/2 

1 



n + 1 V ■ (n - 1)2 
n 



2(n2 - 1)' 



2(n- 1) 

The exphcit formulas for {(p) and J^^^^ (f) are given in Proposition lC.il and 
IC. 21 respectively. Namely, 

?i-2 



n-2 



2K 



/ ^u;;Ac^"-2-AV^a;Aa(^, 



i=0 
n-1 



(3.43) 



-E 



>c^f(^) 



n-2 



'19(pAi9(^Aa;' Aw'' 



1^/1 n 2i n 



A Lo'"-'-' A V=75w A 



+ / ^w;AL."-2-Ay^c.Aa^ 

^ n — 1 

(3-44) = ^E 



-Idip A dip A uj^, A uj^'-'^K 



Here the formulas p. 431) and (I3.44p come from the solution of the system of linear 
equations ((X^ and ((5311)) . 
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From ([3:29| . ([3:301) . ([XSTl and ([OI]) . we deduce the following 
Theorem 3.1. For any ip e V^j, one has 
(3.45) 
(3.46) 

In particular 
(3.47) 
(3.48) 

1 



n 
1 



(3.49) -J^'i^) < 

n n + 1 

(3.50) 



J^^^) < I-^(^)-^-^(^) 
n 



< 



n + 1 



Appendix A. Proof the identities (13.141) . (I3.21|) and (|3.25p 
In Appendix A we verify the identities ^A^, ([MT]) and ([3^251) . 



(A.l) 



1 

1 
1 
1 



^ ■ E ^ j ^ ^^^^ 

/ n-l 



+ a;"-^-^' A jcj^-i A 9^] A 

= / A A cj"-i- 



"'Ac.; 



1=1 

n-2 



1 ^^-C i{n — 1 — ?■) 
I— 1 

" + 1 ix 



-V-l^w"^^"* A w; A aw A ^(^ 



i=0 



A a.^ A c."-!-' Ac.; ^s^Cv') + 2?..('^) 

^ n + 1 
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which gives (|3.15p . Calculate 



Jx \ ^.^0 



-19 ^^(n-i-jK^'^-' Aoj^^ I 



n-l 



uj JX 



-19</J A ^(71 - 1 - j)a;""i-^' A A ^(/j 



3=0 



v. 



UJ JX 



3=0 



1 ""^ f - 

Try"("-l-i)/ V^dipAd^p 



aw;acj"~1"* 



i=0 
n-l 



1 /■ 

^ n-l . _ 



A cj-' A V-lScj A 9cp 



'i=0 
n-2 



1 f — 

+ " 1 ~ V (pa;"-^-^ A A v^^a; A dtp 



3=0 

Tl — 3 



i=0 

n-l 



1 /■ 



'-\dip /\ dip f\ uj'L /\ Lo 



i A , ,n — 1 — i 



n— 3 



Lpcj''-'-' AulA {V-lduj A dp) 



1 



+ — / puj" ^ A V-lduj A dip 



V^jx 

where we use the elementary identity 

[n-l-if + + l){n - i - 2) 
= {n- if - 2{n - l)i + {n - 2){i + 1) - i{i + 1) 
= n'^ -2n+l + i'^ -2ni + 2i + ni + n-2i-2-i'^ -i 
— n^ — n— 1 — ni — i = — (n + + 1) + n^. 
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Using the definitions of £uji^),Al{ip), .4^ (</?), we liave Alj{ip) + Al,{ip) = Auj{(p) 
and lience p.2ip liolds. Similarly, we have ^^(v?) + B'^if) = I3uj{ip) and 



1 /■ 



1 /■ — 

= — V(n-l-i)/ V^5(pA5(^Aa;"-i- 
+ E(" - 1 - J')' / A < A (-V^c. A 9^) 

+ - 1 - J')^' / A w^-i A (-V^w A 

= — V(n-l-i)/ V^av3A5(pAa;""i~' Aw; 

+ TT " 1 " V'w""^"' A w; A (-V^w A Olp) 

^ n— 3 /. 

+ — V(n-i-2)(i + l) / ipuj''-'^-' Aut,A{-^/^uj hdip) 



i=0 
n-1 



"'Aw; 



1 /■ — 

= — V(n-l-z)/ v^5v3A9(pAa;"-i- 
+ — V[n2-(n+l)(z + l)] / ^w"-2-» Aw;a (-\/^wA9v') 



¥>w"-2 A (-yFia^Aa(^). 



w Jx 



and hence 



^ n-l . _ 



A w; A w" 



(A.2) 



n — 1 
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Therefore (f33T|) and ([3?25|) together gives 



n-1 



X 



(A.3) + ^-^M±^ + [n+l){Al{^)+Bi{^) 

n — 1 

Appendix B. Solve the system of the linear equations 

In this section we try to solve the system of the Hnear equations p.3ip - (|3.38p . 
Firstly we solve p.3ip and p.35p as follows: p.3ip and p.35p gives us the following 
equations 

77 1 

(B.l) a] = 4-1, 

+ + + = al, 

(B.2) ^a2_ 1 ^ ^2_^ 

{n + l){al-l) 



71 — 1 

Plugging the first equation into second equation in (IB.ip . we have 



+ 1) ( ^TT^i - + + 1) = a} 

\7l+l 71+1/ 



which implies 

(B.3) 

Similarly, 

therefore 
(B.4) al 



n 



ri — 1 ' n? — 1 

+ 1) ( -^al - - = al 



^ (ti — 1)2 ' ^ 71 + 1 y ' [n — 1)"^ J n-^ — n'^ — n + 1 
Secondly, p.32p and (|3.36p implies 

(B.5) ^6}-^ = bl~l, 

71+1 71+1 

(n + l)(6^-l) = }-(n + l), 

(B.6) ^]—bl-^ = bj-l, 

^ ' n+1 ^ n+1 2 

(71+1)(6^-1) = fe?+ ^ 



n-1 



The above linear equations system gives 

\7i + 1 71 + ly 
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and 



+ 1 n+1/ n — 1 



respectively. Hence 

(B.7) bl : 

(B.8) bf : 



n- 1' 
n 



— 1 

n 

(n- 1)2^ 



= ^(1 



n + 1 \ (n - 1)" 
Continuously, equations p.33p and p.37p shows that 

7X 1 

-C1-C2 = --, (n + l)c2-ci = 0, 



n+1 2' 

n 1 

di - ^2 = --r, (n + l)(i2-rfi = 0. 



n + 1 2 
Eliminating C2 and c?2 respectively, we have 



(n+l)(-^c, + i)-c, = 0, 

n , 1 

di + - 

n+1 2 



n 1 
(n + 1) I ^— di + - ) -di = 0. 



Thus 

(B.9) ci = 

C2 = 

(B.IO) di = 



n+1 
"2(n- 1)' 
1 

'2(n- 1)' 

n+1 
"2(n-l)' 
1 



"2(n-l)- 

Similarly, from p. 341) and (13.38^ we obtain 

n 1 
-61-62 = 0, (n + 1)62 -61 



n+1 ' ' ' 2' 

77 1 

—7/1-/2 = 0, (n+l)/2-/i = --, 
n + 1 2 



and hence 



(B.ll) ei = /i = - ^ 



(B.12) 62 = /; 



2 



2(n- 1)' 
n 

2(n2 - 1)' 
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Appendix C. Explicit formulas of I^^^ [ip) and {(p) 

In this section we give the exphcit formulas of X^^ [ip) and In what 

follows, we assume that n > 3. Using the constants determined in Appendix B, we 
have 

I^'^i^) = ^ I ^(^"-'^^) 

n-^ f-^ ^Va, Jx ^ 



i=0 

n 1 

n - 1 JX 

n-3 . 



ifiujl-^ ^^/~l^uJ ^^ip 



n-12Vu Jx ^ 

n-2 . „ 



^puj\ A w"-^-* A ^/^^u> A d^p 



+ 



n — 2 . „ 

n ^ / 



n 



ipoj^^ Aw" ^ * A A 9(p 



i=0 

2 'i-S 



+ 



(pujl A A v^lSw A Sy'. 



w Jx 



When n = 3, it is easy to see that 



1 



+ 



Vu^JX 

_3_ 



i^w A ^/^-iduj A dip ■ 



4K 
3 



i^w,^ A y/^dcj A dip 



— — — / (poj A V— A + — — / A V— A dip 



3 



(pu;,^ A V — 19w Adip + 



iV^Jx 
_3 
4K 



(pLjy, A \/—ldiO A dip 



- —I 
^V^Jx 

= ^ [ fico^ - 

•^w Jx 



V?w A ^/^dul Ad(p + —-— I (pu) A V—ldiv A dip 

4 Vrj 



2K. JX 



JX 



3 



— — / i^w A v^9a; A dip + —— / iy9w A V— I9w A dip 



2K; JX 

3 



, ipijJif A y/^dw Adip+ — ^ / ipoJtp A \/—lduj A dip. 

2Kj Jy 2 14, Jx 
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For general n > 4, a simple computation shows 



n — 3 



i=l 

n 1 



1 

2K 



n(i + 1) in 



+ 



n-l2V^jx 
n{n - 2) 1 
n 

n 1 



n— 1 n— 1 n— 1 



(^w^, Aw 



n— 2— i 



A ^J^-idbJ A dip 



X 



n-12V^Jx 

n—S 



1 



n(i + 1) in 

+ 7 + 



n— 1 n— 1 n— 1 



/ (^w; A a;"-2-* A A 5(p 

Jx 



n 1 

n - 1 2K, 



^w""^ A V-ldui A i9(^ 



Jx 



+ 



+ 



n{n-2) 2 
n-1 2K 
n 1 



n - 1 2K. 7x 
n2 1 



ipuj^-'^ A A 9^ 



<fOj^-^ A A 9(p 



yjcj""^ A V-iaw A a</9 + 



n-12K.7x 

n—S p 



1 

n-12VL 7x 



(^w""^ A V-ldcv A 



i=l 
n— 3 



+ E^/ ¥"^j,Aa;"-2-^Ax/^a;Aa^ 



i=l 

n 



2Va 



(^w"-^ A V^dto Adip + 



OJ Jx 



2K 



ipu>"-^ A A ^(^ 



w Jx 



— y...;-^ A V^ldco A a<p + — / _ ^w^-^ A V^uj A a^. 



w Jx 



Thus 

Proposition C.l. If n> 3, one has 

Jx 

n-1 „ 



A V^5w A - / A T^^w A St^ 

214; ix 

2i4j Jx 2\4; 



i=i -^^ 

ra-2 
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Similarly, we have 



n-3 j ^ r 



n 



n + l 
n 



i=0 

n — 1 

n— 3 



A w"-^-' A V-15w A dip 



n^lj 2V^ Jx 



i + 1 



2K 



+ 



n 



n + l 
n 



i=0 

n-l + 

n-2 



ipujl A a;"-^-' A A 



n-2 . „ 

- 1 ^ Jx 

^ V — 

- 1 ^ 2K, 



ifcol A w"-^-* A V^dtu A ^(^ 



(/pwj, A A A 



i=0 

n — 3 



A w' 



n—2—i 



-J -| /. 



When n = 3, we have 



+ 



3 1 f 
82V^Jx 

3 1 r 

82V^Jx 
3 1 /■ 

82V^Jx 
27 1 



3 



A V — 19a; A 9y — - 2 + - — — / ipu^ A V — ldcj A dip 

4 \ 2 J 2V^ Jx 

3\ 1 



1 



(poj A y^-ldu! Ad(p+ - [2 + 



2; 2K. 



(puj^ A \/—ldui A dip 



8 2V^ 



L 



ipu^ A V^dio Adip+ - —— / (ficoy, A \/-ldw A dip 

o ^Vui Jx 

_ 27 1 /■ 

ipuj A V— I9w Adip + — —- I (pui A \/—ldui A dip 
8 2v4; Jx 



Jx 

— / ipu) A y^^duj A dip + — ^ / puj A ^—Idoj A dip 

214; Jx 2i4j Jx 

^— ( iphJif, A \f^-idu^ Adip + [ ipw^ A \/—ldoj A dip 
Jx 2Vu, Jx 



3 
2VL 
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When n > 4, we have 



+ 



+ 







n — 3 

— T 

1=1 


n(i + 


9 


n 1 f 


n2 - 1 2K. ix ^ 



ipujl A w"-^-' A V^aw A dip 



X 



,n-2 



n 



n+l 

-y n — 3 



n - 1 + 



1 

n - 1 y 2T^ 



A ^r^duj A 5<p 



n(i + 1) in 
+ 



n 1 



— 1 — 1 — 1 



/ (^wj, A A V'^w A 



i ^Vcd Jx 



+ 



n - 1 + 



n \ 1 



n+l 

n(n- 2) 
(n2 _ 1)2K. 

^3 



n-lj 2K- Jx 

n(n - 2) 



y^u;^-^A\/^au;A9y+ / ^w^-^ A A 9^ 

[IT' ~ -Lj^Vcj Jx 

--^ / ^uj^-^ A v^^o; A gyp + f , / <pu;"-' A A 5^ 

1 ■^Vu) Jx ^ ~ 1 ^Vu> J X 



Using the identities 

n{i + 1) in 



— 1 — 1 — 1 



n — n"" 
n2-l 



n 



n+l 



n — 1 



i(n - 2) -n[(n - 1)^ + n] - n(n - 2) 



n — 1 / n^ — 1 



n2-l 



the above expression can be simplified as 
Jf^iip) = -£^iip) + ^ [ ipcj- 

Jx 



n 

2v: 



Aw"-2-^ A V-15a;Aa^p■ 



2K, Jx 



</Jw"-^A V-iawA5(p 



i=l •'^ 

n—2 „ „ 

+ 7^y2 'fi^v^ uj"-'^-' A /\dp+^ / v'w"^^ A V^LO A 
2Kj ^ Jx 2K, Jx 



In summary, 
Proposition C.2. Ifn>3, one has 



n — 2 „ „ 

- 7^ / <Pw; A A V^Sw Adifi-^ / (/Pu;"-2 A T^^w A dip 
" i=i "'^ 

n—2 „ ^ 

+ TT^V / (pw; A A A (9(p + / <pw"-2 A 

2i4j Jx 2\4; Jx 
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